The purpose of this paper is to consider finite generation and finite presentabil-Ž . ity of a Bruck᎐Reilly extension S s BR G, of a group G with respect to an endomorphism . It is proved that S is finitely generated if and only if G can be generated by a set of the form D 
, and Munn 8 . Bruck's construction considers the special case when maps all elements to the identity of M, in which case the obtained extension is a simple monoid and is used to prove w x that every semigroup embeds in a simple monoid 2, Theorem 8.3 . On the other hand, Reilly's construction considers the case when the monoid M is a group; the monoid obtained is a bisimple inverse -semigroup and, conversely, every bisimple inverse -semigroup is a Bruck᎐Reilly extension of its group of units. Finally, Munn considers Bruck᎐Reilly extensions with respect to endomorphisms that map the monoid into its group of units and hence gives a structure theorem for a special class of simple inverse w x semigroups 8, Theorem 3.3 .
Ž Given an alphabet A, let A* be the free monoid on A i.e., the set of all . Ž . words over A, with identity the empty word 1 . A monoid presentation is ² : Ž . a pair A N R , where R : A* = A*; a typical element u,¨g R is usually written as u s¨and is called a defining relation. The presentation ² : A N R defines the monoid M s A*r, where is the smallest congruence relation on A* containing R. We identify a word w g A* and the element wr g M. As is customary, for any two words w , w g A* we Ž . every term ␤ 1 -i F m is obtained from the previous one by applying a i defining relation from R. The monoid M is said to be finitely generated if A can be chosen to be finite and is said to be finitely presented if both A and R can be chosen to be finite. Recall that if a monoid S is finitely ² : presented then for any presentation B N Q defining S, where B is finite Ž . ² : and Q is not , there is a finite set Q : Q such that B N Q also 0 0 defines S. ² :
y1
A group presentation is a pair B N Q , where B is an alphabet, B s Ä y1 4 b : b g B is another alphabet in one-to-one correspondence with B Ž y1 . Ž y1 . and disjoint from it, and Q : B j B * = B j B *. The group de-² : fined by B N Q is the monoid defined by the monoid presentation ² y1 y1 y1
² : Consider the monoid M s A*r defined by a presentation A N R . We note that every endomorphism : M ª M can be ''lifted'' to an endomorphism : A* ª A*, in the sense that for every word w g A* we have Ž . Ž . wr s w r. To see this it is enough to choose arbitrary words a , Ž . Ž . representing ar a g A , and then extend the mapping a ¬ a to an endomorphism A* ª A*. In line with the convention of identifying w and wr, we shall also identify and . With this in mind, we have the Ž . following presentation for the Bruck᎐Reilly extension BR M, :
² :
w x w x This was proved in 4 , and an alternative proof can be found in 5 . For the Ž . purposes of this paper, we will consider 1 as the definition of the Ž . Bruck᎐Reilly extension BR M, .
Ž .
Ž . It follows from 1 that the Bruck᎐Reilly extension BR M, is finitely presented whenever M is finitely presented. The converse is not true in w x general, as the following example from 11 shows: the monoid defined by the presentation which is not finitely presented. The question arises as to when a Bruck᎐Reilly extension is finitely presented. We answer this question in the case where M is a group in our MAIN THEOREM. Let G be a group and : G ª G an endomorphism.
Ž .
Then the Bruck᎐Reilly extension S s BR G, is finitely presented if and only ² : if G can be defined by a presentation A N R , where A is finite and
for some finite set of relations R : A* = A*.
An immediate consequence of the above theorem is that if S is finitely Ž . presented then G is finitely generated. In fact, proving this Theorem 3.1 is the main ingredient of the proof of the Main Theorem. We also note that the above presentation is recursive; in particular, G being finitely generated is not sufficient for S to be finitely presented.
We begin our considerations in Section 2 by giving a necessary and Ž . sufficient condition for BR G, to be finitely generated. In Section 3 we prove our Main Theorem. Finally, in Section 4, we compare monoid presentations and inverse monoid presentations for a Bruck᎐Reilly extension of a group.
It is worth remarking the similarity between the presentations for a Bruck᎐Reilly extension and an HNN extension of a group. Indeed, for a Ž ² : . ² : group G defined by a monoid presentation A N R , subgroups H s X and K, and an isomorphism : H ª K, the HNN extension of G relative to H, K, and is given by ² :
Ž . which should be compared to 1 . Also, it is known that, provided G is finitely presented, the above HNN extension is finitely presented if and only if H is finitely generated. This is a relatively easy consequence of the Ž w x w normal form theorem for the HNN extension see 6 and 1, Exercise Ž .x. VI.4 i and should be compared to Theorem 3.1.
FINITE GENERATION

Ž .
Ž From the presentation 1 it follows that if a group or, indeed, a . monoid is finitely generated then so is every Bruck᎐Reilly extension of it. The converse is not true. For example, the free group F on an infinite set Ä 4 x : i G 1 of generators has finitely generated Bruck᎐Reilly extensions. i Ž . Indeed, the mapping x ¬ x iG 1 extends to a homomorphism
4 BR F, is generated by x , x , b, c , and so it is finitely generated. 1 1 In Theorem 2.2 we give a necessary and sufficient condition for the Bruck᎐Reilly extension of a group to be finitely generated.
We start by listing some basic properties of Bruck᎐Reilly extensions, which will be used throughout the text. 
ii For all i, j, k, l G 0 and all ␣, ␤ g A* we ha¨e Proof. This is just a translation of the well-known facts about Ž w x . Bruck᎐Reilly extensions see 3, Section 5.6 into the language of presentations. relations from the presentation 1 , we have that a s b ac . Therefore S is finitely generated. Conversely, suppose that S is finitely generated. If G is generated by a Ž . Ä 4 possibly infinite set A, then S is generated by A j b, c . Since S is finitely generated, there exists a finite subset A : A such that S is 
Ž
for G, completing the proof.
FINITE PRESENTABILITY
The crucial step in proving our Main Theorem is the following.
Ž . THEOREM 3.1. Let S s BR G, be a Bruck᎐Reilly extension of a group. If S is finitely presented then G is finitely generated.
Proof. Since S is finitely presented it is, in particular, finitely generated, and so, by Theorem 2.2, there exists a finite subset A s 
where RЈ is obtained from R by replacing every occurrence of a with
Presentation 3 is an infinite presentation on a finite number of generators. Since S is finitely presented, there is a finite subset of the set Ž . of relations of 3 that defines S; i.e., there is a finite subset RЈ: RЈ and an integer s G 1 such that 
We can now add the redundant relations RЈ _ RЈ, and we can also add 
which still must define S. a consequence of any presentation for S. However, we will prove that it is Ž . not a consequence of 4 , and thus obtain a contradiction. and hence u k s¨ k . Therefore S is finitely presented. Conversely, suppose that S is finitely presented. We are going to obtain ² : a presentation for G from a finite presentation for S. First let A N R be Ž any presentation for G with A finite such a presentation exists since, by . the previous theorem, G is finitely generated . Since S is finitely presented there exists a finite subset R : R such that w x w x Clearly, from k, b s 1 we obtain k q 1, c s 1 and hence we can eliminate these generators, thus obtaining the relations
and also
Ä 4
k w x Renaming each generator 1, a to a we obtain the following presentation for G:
This ends the proof of the Main Theorem.
INVERSE MONOID PRESENTATIONS
Ž w The Bruck᎐Reilly extension S of a group is an inverse monoid see 3,
Ž .x Proposition 5.6.6 4 . Hence it makes sense to consider inverse monoid presentations for S and ask when S is finitely presented as an inverse w x monoid. It was shown in 12 that there are inverse monoids which are finitely presented as inverse monoids but are not finitely presented as Ž . w x ordinary monoids. By way of contrast, it was shown in 11 that an inverse monoid with finitely many R R-and L L-classes is finitely presented as an inverse monoid if and only if it is finitely presented as a monoid. Here we show that the analogous result holds for Bruck᎐Reilly extensions of groups although they have infinitely many R R-and L L-classes. For an introduction w x to inverse semigroups and their presentations see 9 or 7 .
Ž . THEOREM 4.1. Let S s BR G, be a Bruck᎐Reilly extension of a group G. Then S is finitely presented as an in¨erse monoid if and only if S is finitely presented as a monoid.
Proof. Since S is inverse, a monoid presentation for S also defines S when considered as an inverse monoid presentation. Hence if S is finitely presented as a monoid it is also finitely presented as an inverse monoid.
So suppose that S is finitely presented as an inverse monoid. Thus S is ² : defined by an inverse monoid presentation A, b N R , where A : G and R are finite sets. We can add redundant relations to the above presentation to obtain 
